Passively mode-locked lasers with semiconductor saturable absorption mirrors are attractive comb sources due to their simplicity, excellent self-starting properties, and their environmental robustness. These lasers, however, can have an increased noise level and wake mode instabilities. Here, we investigate the wake mode dynamics in detail using a combination of evolutionary and dynamical methods. We describe the mode-locked pulse generation from noise when a stable pulse exists and the evolution of the wake mode instability when no stable pulse exists. We then calculate the dynamical spectrum of the mode-locked pulse, and we show that it has six discrete eigenmodes, two of which correspond to wake modes. The wake modes are unstable when the wake mode eigenvalues have a positive real part. We also show that even when the laser is stable, the wake modes lead to experimentally observed sidebands. The search for robust, low-noise frequency comb sources has attracted significant attention during the last two decades [1] [2] [3] [4] [5] [6] , and numerous possibilities have been investigated. Passively mode-locked fiber lasers, in which nonlinear polarization rotation (NPR) is used as the saturable absorber mechanism [7] [8] [9] , are among the most important comb sources. However, these lasers do not usually self-start, and the polarization rotation is highly sensitive to environmental disturbance [10] , limiting the robustness of these lasers.
The search for robust, low-noise frequency comb sources has attracted significant attention during the last two decades [1] [2] [3] [4] [5] [6] , and numerous possibilities have been investigated. Passively mode-locked fiber lasers, in which nonlinear polarization rotation (NPR) is used as the saturable absorber mechanism [7] [8] [9] , are among the most important comb sources. However, these lasers do not usually self-start, and the polarization rotation is highly sensitive to environmental disturbance [10] , limiting the robustness of these lasers.
Comb lasers have been developed that are built with telecom-grade polarization-maintaining (PM) components [6, [11] [12] [13] [14] , heavily doped erbium gain fiber, highly nonlinear PM fibers, and semiconductor saturable absorber mirrors (SESAMs). An example is a SESAM fiber laser that generates a highly robust 200-MHz comb [15] . It operates in the soliton regime where, to the lowest order, the pulse shape is determined by the balance between the Kerr nonlinearity and chromatic dispersion [16] .
There is an important difference between NPR modelocked lasers and SESAM mode-locked lasers. In the former case, the saturation mechanism is fast compared to the pulse duration, while in the latter case, it is slow [16, 17] . The duration of pulses that are generated by SESAM fiber lasers is usually not as short as the duration of pulses from modelocked lasers using nonlinear polarization rotation, although the output pulses can be further compressed using nonlinear amplification [3, 18] . In addition, because an overall nonzero laser cavity dispersion is needed to stabilize short pulses, as discussed later, the timing jitter is usually worse than with NPR mode locking [15] . Finally, as a consequence of the slow response of the SESAM, a gain window opens up in the wake of the mode-locked pulse in which noise can grow. This noise can generate sidebands [19] [20] [21] or lead to pulse instabilities [16, 19, 20, 22] .
In this work, we use an averaged model [21] to discuss the conditions under which sidebands grow and become unstable. In contrast to prior work that either used evolutionary methods [22] [23] [24] [25] or approximate dynamical methods based on soliton perturbation theory [16] , we use computational dynamical methods [26] that allow us to unambiguously determine the source of the instability and accurately calculate the parameters of its onset. We then use evolutionary methods to determine the time evolution of the wake instability.
We briefly introduced the wake instability and the induced sidebands in prior works [19] [20] [21] . Here, we describe the pulse evolution and find the stable operating regime using an averaged model in which the effects of the laser components are averaged over one round trip. The evolution of the wave envelope is described by [16, 19] 
where T R is the round-trip time, T is the slow time of propagation, t is the retarded fast time, ut; T is the slowly varying field envelope, and each operator on u on the right-hand side of Eq. (1) describes its effect on the incoming pulse per round-trip: t s is the shift in t of the pulse centroid t c R t 0 juj 2 dt 0 ∕ R juj 2 dt 0 , ϕ is the phase change, g is the saturated gain, ω g is the gain bandwidth, l is the background loss, β 00 is the group-delay dispersion (GDD), γ is the Kerr nonlinearity coefficient, and ρ is the peak saturable absorption coefficient of the SESAM. We assume that the recovery time of the gain medium is significantly greater than T R , so that the gain gjuj is saturated by the intracavity field energy,
in which g 0 is the unsaturated gain, w 0 is the intracavity pulse energy, and P sat is the saturation power. We use a two-level model of the SESAM where n is the ratio of the lower level population to the total population of the SESAM. In modeling the SESAM, the parameter n obeys the equation [16] 
where we assume that the response time T A ≪ T R , and w A is the saturation energy of the SESAM.
The quantities ϕ and t s represent a phase shift and a time shift per round-trip. Due to the phase and time invariance of Eq. (1), these quantities have no impact on the intensity profile of the mode-locked pulse solution. When studying mode locking analytically [27] or using computational evolutionary approaches [28] , it is conventional to set these quantities to zero. In that case, for most choices of the parameters, there is no solution to Eq. (1) that is strictly stationary, i.e., ∂u∕∂T 0, and one searches for a solution to this equation with a steady phase rotation and/or drift. In the dynamical approach [21, 26] , it is convenient to choose ϕ and t s so that the mode-locked pulse is strictly stationary, and there is no phase rotation and no shift in the central time.
The laser design follows Ref. [9] but with a repetition frequency 1/T R 300 MHz. We experimentally measure β 00 −0.014 ps 2 and P sat 9.01 mW (see Fig. 6 ). We estimate l 1.05 and γ 0.0011 W −1 , and we have T A 2.0 ps and ρ 0.073 [29] . The SESAM saturation energy is ω A Φ sat A eff ;SESAM 157 pJ, based on the reported saturation fluence Φ sat 50 mJ∕cm 2 [29] and measured spot area A eff ;SESAM 314 mm 2 . Finally, we set g 0 7.74 and ω g 30 ps −1 to match the measured output power.
We use a modified split-step Fourier method [28] to solve Eq. (1) evolutionarily. Starting from noise, we obtain the evolution profile that is shown in Fig. 1 . Due to the asymmetric temporal response of the SESAM, the cavity net gain G n expgjuj − l − ρnt is also asymmetric as shown in Fig. 2 , and thus the centroid t c in the computational time window moves. We have removed the centroid motion in Fig. 1 . In Fig. 1(a) we show that a stable mode-locked pulse appears after about 500 round-trips (1.67 μs). In the frequency domain, shown in Fig. 1(b) , only a narrow spectrum is present under the gain peak-corresponding to a noisy continuous wavefor about 250 round-trips. At that point, the power in the exponentially growing noise is sufficiently large that sidebands are generated nonlinearly, and a stable pulse forms.
The full width half-maximum (FWHM) of the stable pulse in Fig. 2 is 254 fs, the peak amplitude is 25.0 W 1∕2 , and the pulse energy is 181 pJ. The experimentally measured average laser output power is 4.88 mW with a pump power of 234 mW. The output coupling ratio is 9% [15] , from which we estimate that the cavity pulse energy is 185 pJ. The difference in the pulse energy between our simulation and the experiment is less than 3%.
Due to the slow response of the SESAM relative to the pulse duration, a net gain window exists in the wake of the pulse that is about 2 ps in duration, as shown in Fig. 2 . Wake modes can grow inside this net gain window. As they grow, we observe that dispersion carries them away from the pulse, where they ultimately experience loss. Thus, dispersion is necessary to attenuate the wake modes [19] . The long response time of the SESAM relative to the pulse duration plays an important role here. When the SESAM response time becomes comparable to the pulse duration, as is the case in picosecond bulk lasers, the wake instability is no longer observed [30] .
The pulse is destabilized by the wake modes when the unsaturated gain becomes sufficiently large or the GDD becomes sufficiently small. In Fig. 3 , we show an example in which g 0 is increased to 13.5. We observe a quasi-periodic evolution in the time domain as shown in Fig. 3(a) . We show in four subfigures, Figs. 3(c)-3(f ) , an example of the amplitude evolution profile in detail. A second pulse, ②, forms in the wake of the original pulse, ①, and grows at its expense, ultimately leading to the disappearance of the original pulse. A third pulse, ③, then begins to grow in the wake of pulse ②, and the process continues indefinitely [19] . We show the frequency domain in Fig. 3(b) . The spectrum has approximately the same width as in Fig. 1(b) , but undergoes a complex and incoherent evolution. We show an animation of the evolution in Visualization 1. Thus, this instability sets a lower limit on the magnitude of the group velocity dispersion and an upper limit on the pump power (unsaturated gain) for stable operation, which therefore sets a lower limit on the pulse duration and an upper limit on the pulse energy. Hence, mode-locked lasers that use We can accurately determine the threshold for the onset of the wake instability by using computational dynamical methods, i.e., the boundary tracking algorithms that are described in [21, 26] . In this approach, we find a stationary solution u 0 ; ϕ; t s of Eq. (1), which corresponds to a mode-locked pulse. We then linearize Eq. (1) about this solution, and we determine the eigenvalues (dynamical spectrum) and eigenvectors of this linearized equation. Determining this dynamical spectrum is mathematically analogous to finding the eigenvalues and eigenmodes of an active waveguide.
In Fig. 4 , we show the dynamical spectrum near the origin of the complex plane for the SESAM laser. Resembling the dynamical spectrum of classical soliton perturbation theory [35] , the spectrum has two branches corresponding to continuous wave perturbations, as well as four discrete eigenvalues that correspond to perturbations of the stationary pulse's central time (λ t ), central phase (λ ϕ ), central frequency (λ f ), and amplitude (λ a ), respectively. However, there are two additional discrete eigenvalues λ w and λ w− that correspond to the wake modes [21] , as shown in Fig. 4 .
If any eigenvalues in the dynamical spectrum have a positive real part, then the stationary pulse is unstable [26] . Both λ t and λ ϕ remain at the origin due to the time and phase invariance of Eq. (1). We see from Fig. 4 that when g 0 7 .74, the real parts of the continuous spectrum are negative and the discrete eigenvalues λ f and λ a are both negative. In addition, the wake mode eigenvalues λ w −7.75 × 10 −4 0.352i, as shown in Fig. 4 . Hence, the system is stable and close to the stability boundary in the parameter space. The wake modes are bounded modes with a very slow decay rate in T [21] .
The stationary pulse becomes unstable when the unsaturated gain g 0 becomes sufficiently large. In Fig. 4 , we use dashed arrows to show how the dynamical spectrum shifts when g 0 increases up to 13.5. We find that all eigenvalues have negative real parts except the wake mode eigenvalues, for which λ w 9.09 × 10 −3 1.19i. The positive real part of λ w indicates that the wake modes will grow, destabilizing the stationary pulse.
In Fig. 5 , we show the stable regions in the g 0 ; β 00 parameter space. When the group delay dispersion coefficient β 00 varies from −0.03 ps 2 to zero, there exist two stability boundaries. For a given value of β 00 , when g 0 becomes sufficiently small, the pulse becomes unstable due to the background radiation (continuous modes) [26] , i.e., the system gain is below the mode-locking threshold. When g 0 becomes sufficiently large, the pulse becomes unstable due to the wake modes. The instability threshold for g 0 decreases as the system approaches zero dispersion. When β 00 0, the pulse is, in principle, stable in a very narrow range of g 0 , 1.14 < g 0 < 1.18. In practice, this range is so narrow that a laser operating within it would be destabilized by noise and other perturbations. In addition, the pulse width of the stationary pulse is τ 0 > 3 ps, which is longer than the SESAM recovery time, T A 2 ps. This operating state of the SESAM is inefficient because the saturable absorption experienced by the pulse is strongly offset by the lower-level population recovery.
The real parts of the dynamical spectrum that we show in Fig. 4 indicate the growth rate of the eigenmodes, while the imaginary part of the spectrum indicates their phase shift per round-trip with respect to the stationary pulse. In the presence of noise, the eigenmodes with nonzero imaginary eigenvalues introduce a frequency modulation of the modelocked spectrum, which can be observed in the power spectrum as sidebands. We have shown the profile of the sidebands in [20] when observed using a radio frequency (RF) spectrum analyzer. These sidebands can also be observed when heterodyning the comb light with a CW laser. The frequency offset of the wake mode sidebands that is predicted from the value of the imaginary part of λ w is f sb Imjλ w j∕2πT R : (4) In Fig. 6 , we show the variation of the output power of the SESAM laser, as well as the frequency offset of the sidebands with respect to each comb line as the unsaturated gain increases. We see that, as the pump power P pump increases from 180 to 250 mW, the laser output power P out;exp increases almost linearly from 3.6 to 5.3 mW. Meanwhile, the frequency offset of the wake mode sidebands f sb;exp increases from about 9 to about 20 MHz. There is good agreement between theory and experiment. We find that the laser becomes unstable due to the wake mode instability when g 0 > 8. 5 . In addition, we observe that the pump power is linearly proportional to g 0 , i.e., P pump ≈ 30 mW × g 0 . The linear scale suggests that, in this case, the upper-state population of the erbium-doped fiber is not completely depleted.
In summary, we have described the wake modes and their effect on stationary pulses in mode-locked lasers with slow saturable absorbers. A gain window forms behind the pulse, and wake modes can grow in this gain window. The mode-locked pulses become unstable when the wake modes are not swept away from the pulse by dispersion or attenuated by the background loss. Using a dynamical analysis, we show that this instability occurs when the eigenvalues in the dynamical spectrum that correspond to the wake modes have a positive real part. When the laser parameters are close to the stability boundary, the wake modes can cause sidebands in the output spectrum. We demonstrate that the dynamical spectrum can accurately predict the frequency offset of the wake mode sidebands. 6 . Variation of the output power P out and the sidebands' frequency offset f sb as the unsaturated gain g 0 increases. The stationary pulse becomes unstable when g 0 8.5.
